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ON PERMUTATION WEIGHTS AND q-EULERIAN POLYNOMIALS
AMAN AGRAWAL, CAROLINE CHOI, AND NATHAN SUN
Abstract. Weights of permutations were originally introduced by Dugan, Glennon, Gunnells, and
Steingr´ımsson [2] in their study of the combinatorics of tiered trees. Given a permutation σ viewed
as a sequence of integers, computing the weight of σ involves recursively counting descents of certain
subpermutations of σ. Using this weight function, one can define a q-analog of the Eulerian polyno-
mials, En(x, q). We prove two main results regarding weights of permutations and the polynomials
En(x, q). First, we show that the coefficients of En(x, q) stabilize as n goes to infinity, which was
conjectured by [2], and enables the definition of the formal power seriesWd(t) by [2] with interesting
combinatorial properties. Second, we derive a recurrence relation for En(x, q), similar to the known
recurrence for the classical Eulerian polynomials An(x).
1. Introduction
Dugan, Glennon, Gunnells, and Steingr´ımsson defined certain weights of permutations in their
work on the combinatorics of tiered trees [2]. Tiered trees are a generalization of maxmin trees, which
were originally introduced by Postnikov [8] and appear in the study of local binary search trees [4],
hypergeometric functions [5], and hyperplane arrangements [9, 13]. In [2], Dugan, Glennon, Gunnells,
and Steingr´ımsson defined weight for tiered trees, motivated by their role in the enumerations of
absolutely irreducible representations of certain quivers and torus orbits on certain homogeneous
varieties [6]. They showed that weight 0 maxmin trees are in natural bijection with permutations.
They defined the weight of a permutation σ as the largest weight of a maxmin tree that can be
constructed from σ. Computing the weight of σ involves recursively counting descents of certain
subpermutations of σ.
Using the weight of a permutation, a new q-analog of the Eulerian polynomials En(x, q) was defined
in [2]. The q-Eulerian polynomial En(x, q) differs from other q-Eulerian polynomials by Carlitz [1],
Foata-Schu¨tzenberger [3], Stanley [12], and Shareshian-Wachs [10], and presents interesting combina-
torial properties. It was observed in [2] that the coefficients of En(x, q) seemed to exhibit a certain
stabilization phenomenon. From this conjecture, the formal power series Wd(t) was extracted from
En(x, q) and observed to have a connection with enumerations of a certain type of partition T (n, k)
[11].
We present two main results regarding permutation weights and the q-Eulerian polynomialsEn(x, q).
We prove the stabilization phenomenon conjectured in [2], which enables a rigorous definition of the
formal power seriesWd(t) defined in [2]. We derive a recurrence relation for the q-Eulerian polynomials
En(x, q), similar to the known recurrence for the classical Eulerian polynomials An(x).
This paper is organized as follows. In Section 2, we introduce preliminary definitions and notation.
In Section 3, we define the weight disparity of a permutation and find a lower bound for weight
disparity. We then use this result to show that the coefficients of xd in the formal power series Wd(t)
do indeed stabilize. In Section 4, we derive a recurrence relation for En(x, q). In Section 5, we
determine the conditions for which coefficients of En(x, q) are stabilized and give a second proof of
the stabilization phenomenon. We conclude with a conjecture regarding the coefficients of Wd(t) in
Section 6.
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2. Preliminaries
Let Sn denote the set of permutations of [n] = {1, 2, . . . , n}. We consider the permutation σ ∈ Sn
as an ordered sequence of integers a1a2 . . . an. We say that σ ∈ Sn is a permutation of length n. We
say that i ∈ [n−1] is a descent of σ if ai > ai+1, and we write des(σ) to denote the number of descents
in σ. The definitions in this section follow from [2].
Definition 2.1. Given a permutation σ = a1a2 · · · an, we define a method for splitting σ into certain
subpermutations σ1, σ2, . . . , σj .
(i) Find the minimum element of σ, call it am. Divide σ into subpermutations σℓ, am, and σr,
where σℓ = a1a2 · · · am−1 and σr = am+1am+2 · · · an. We have σ = σℓ · am · σr.
(ii) Find the largest element of σℓ, call it ak. Let σℓ1 = a1a2 · · ·ak and let σℓ2 = ak+1ak+2 · · ·am−1.
We have σ = σℓ1 · σℓ2 · am · σr .
(iii) Repeat step (ii) for σℓ2 until σℓ cannot be divided further. This process results in a collection
of subpermutations σℓ1, σℓ2, . . . , σℓs, σr.
Example 2.2. We split the permutation σ = 839562147.
By step (i), we have 839562 · 1 · 47.
By step (ii), we have 839 · 562 · 1 · 47.
By step (iii), we have 839 · 56 · 2 · 1 · 47.
Since σ cannot be split further, we are done.
Definition 2.3. Let σ ∈ Sn. Then the weight of σ is the function w : Sn → Z
≥0 defined recursively
as follows:
(i) If σ is the identity permutation or n = 1, then w(σ) = 0.
(ii) Otherwise, consider σ as a permutation of Sn+1 by appending n + 1 to the right of σ. Let
σ1, σ2, . . . , σj be the subpermutations of this new permutation as in Definition 2.1. Then the
weight of σ is defined as
w(σ) =
j∑
i=1
(des(σi) + w(σi)).
Example 2.4. Consider the permutation σ = 781659243 ∈ S9. We complete σ to 781659243A by
adding a maximal element A to the end. After splitting, we have 78 · 1 · 659243A. The weight of σ is
given by
w(σ) = (w(78) + des(78)) + (w(1) + des(1)) + (w(659243A) + des(659243A)).
We compute w(σ) as follows:
• Since the permutation 1 is of length 1, we have w(1) = 0 and des(1) = 0.
• It is clear that that w(78) = 0 and des(78) = 0.
• If we consider the numbers in the permutation 659243A relative to each other, we can see
that 659243A flattens to the permutation 5461327. We complete the permutation to 54613278
and split to get 546 · 1 · 3278. So the weight of 659243A is given by w(659243A) = (w(546) +
des(546))+(w(1)+des(1))+(w(3278)+des(3278)). A quick computation shows that w(546) =
0 and w(3278) = 0, so we have w(65392) = (0 + 1) + (0 + 0) + (0 + 1) = 2.
Thus, w(σ) = (0 + 0) + (0 + 0) + (2 + 3) = 5.
Definition 2.5. The Eulerian polynomial An(x) is defined as
An(x) =
∑
σ∈Sn
xdes(σ).
The coefficients of An(x) count permutations in Sn with m descents and are the Eulerian numbers,
denoted A(n,m).
Using weights of permutations, a new generalization of the Eulerian polynomials En(x, q) was
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Definition 2.6. The q-Eulerian polynomial En(x, q) is defined as
En(x, q) =
∑
σ∈Sn
xdes(σ)qw(σ).
Example 2.7. We list the q-Eulerian polynomials En(x, q) up to n = 7:
E0(x, q) = 1
E1(x, q) = 1
E2(x, q) = 1 + x
E3(x, q) = 1 + x(q + 3) + x
2
E4(x, q) = 1 + x(q
2 + 3q + 7) + x2(q2 + 4q + 6) + x3
E5(x, q) = 1+ x(q
3 +3q2+7q+15)+x2(q4 +4q3+11q2+25q+25)+x3(q3 +5q2+10q+10)+x4
E6(x, q) = 1+x(q
4+3q3+7q2+15q+31)+x2(q6+4q5+11q4+31q3+58q2+107q+90)+x3(q6+
5q5 + 16q4 + 34q3 + 76q2 + 105q + 65) + x4(q4 + 6q3 + 15q2 + 20q + 15) + x5
E7(x, q) = 1 + x(q
5 + 3q4 + 7q3 + 15q2 + 31q + 63) + x2(q8 + 4q7 + 11q6 + 31q5 + 65q4 + 149q3 +
237q2 + 392q + 301) + x3(q9 + 5q8 + 16q7 + 41q6 + 104q5 + 203q4 + 380q3 + 609q2 + 707q + 350) +
x4(q8+6q7+22q6+55q5+106q4+210q3+336q2+315q+140)+x5(q5+7q4+21q3+35q2+35q+21)+x6
Additional q-Eulerian polynomials are in Appendix A.
3. Proof of Stabilization Phenomenon
Let us fix k and consider the coefficients of xk in En(x, q). It was conjectured in [2] that as n goes
to infinity, these coefficients converge to a fixed sequence and thus display a stabilization phenomenon.
Observe that for k = 2 in Example 2.7, the coefficients of x2 seem to stabilize to
qN + 4qN−1 + 11qN−2 + 31qN−3 + 65qN−4 + · · ·
where N is the maximum weight of a permutation of length n with 2 descents. Using this conjectural
observation, the formal power seriesWd(t) ∈ Z[[t]] was extracted in [2] and observed to have interesting
combinatorial properties.
In this section, we prove the stabilization phenomenon conjectured in [2]. We first define the weight
disparity of a permutation and find a lower bound for weight disparity in Theorem 3.4. We then use
this bound to prove Theorem 3.6. We thus give an explicit formula for the formal power series Wd(t),
enabling the study of certain combinatorial properties in the coefficients of Wd(t).
Definition 3.1. We denote the maximum weight of a permutation of length n with d descents by
maxwt(n, d).
It was shown in [2] that the maximum weight of such a permutation is d(n− d− 1).
Lemma 3.2. Let σ ∈ Sn be a permutation with d descents. If we fix the last number in σ to be 1,
then maxwt(σ) = (d− 1)(n− d− 1).
Proof. This proof is derived directly from the proof of Theorem 6.10 in [2]. 
Definition 3.3. Let σ ∈ Sn be a permutation with d descents. We define the weight disparity ∆(σ)
of σ as ∆(σ) = maxwt(n, d)− w(σ).
We now prove a lower bound for weight disparity, ∆(σ).
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Theorem 3.4. Let σ ∈ Sn be a permutation with d descents. If σ does not start with 1, then
∆(σ) ≥ n− d− 1.
Proof. Let σ ∈ Sn be a permutation with d descents such that σ = πL · 1 · πR, where πL and πR are
subpermutations and πL is nonempty. We have two cases:
(i) The subpermutation πR is empty. Then σ = πL · 1, and by Lemma 3.1, we have w(σ) ≤
(d− 1)(n− d− 1) so ∆(σ) ≥ n− d− 1.
(ii) The subpermutation πR is nonempty. Then σ = πL · 1 · πR. Let πL be a permutation on ℓ
numbers with des(πL) = q. We have πR ∈ Sn−ℓ−1 and des(πR) = d − q − 1. We proceed to
bound w(σ). Computing the weight of σ, we have
w(σ) = w(πL · 1) + w(πR) + des(πR),
which implies
w(σ) ≤ q(ℓ − q − 1) + (d− q − 1)(n− ℓ − d+ q).
Since des(πR) = d − q − 1 ≥ 0 and des(πL) = q < ℓ, we have (q − d + 1)(ℓ − q − 1) ≤ 0.
Similarly, we have des(πR) = d− q − 1 < n− ℓ− 1 and so q(−n+ ℓ+ d− q) ≤ 0. Combining
these two inequalities, we get
(q − d+ 1)(ℓ− q − 1) + q(−n+ ℓ+ d− q) ≤ 0. (1)
Adding (d− 1)(n− d− 1) to (1) and substituting for w(σ), we obtain
w(σ) ≤ (d− 1)(n− d− 1),
or equivalently,
∆(σ) ≥ n− d− 1.

Definition 3.5. We denote the coefficient of xd in En(x, q) by En[x
d] and the coefficient of xdqm in
En(x, q) by En[x
dqm].
We now show that the coefficients of En[x
d] display a stabilization phenomenon.
Theorem 3.6. For all k, d,m ∈ N such that m = d+k+1 and n ≥ m, the value of En[x
dqmaxwt(n,d)−k]
is independent of n.
Proof. We show that for sufficiently large n, the number of permutations of length n with a given
weight disparity is constant. Let σ ∈ Sm+1 such that m = d + k + 1 for k,m, d ∈ N. We determine
the form of the permutations σ counted by Em+1[x
dqmaxwt(m+1,d)−k]. We have the following cases:
(i) Suppose σ is of the form 1 · π, where π ∈ Sm and des(π) = d and w(π) = maxwt(m, d)− k =
(d− 1)(m− d− 1). Then we have
w(σ) = w(π) + d = maxwt(m+ 1, d)− k.
So σ is counted by Em+1[x
dqmaxwt(m+1,d)−k]. Note that removing 1 from the beginning of
σ and subtracting every element by 1 is a bijection that gives us permutations π ∈ Sm
with d descents and weight equal to w(π) = maxwt(m, d) − k. So σ is also counted by
Em[x
dqmaxwt(m,d)−k].
(ii) Suppose σ is of the form 1·π, where des(π) 6= d. Then σ is not counted byEm+1[x
dqmaxwt(m+1,d)−k].
(iii) Suppose σ is of the form 1 · π, where w(π) 6= d(m − d − 1) − k. Then w(σ) = w(π) + d 6=
maxwt(m+ 1, d)− k, and σ is not counted by Em+1[x
dqmaxwt(m+1,d)−k].
(iv) Suppose σ does not start with 1. Let p = des(σ). By Theorem 3.4, we have ∆(σ) ≥ m−des(σ),
which implies the following:
maxwt(m+ 1, p)− w(σ) + p ≥ m⇒
p(m+ 1− p− 1)− w(σ) + p > m− 1 = d+ k ⇒
p− w(σ) > d− (maxwt(m+ 1, p)− k).
So either p 6= d or w(σ) 6= maxwt(m+1, p)−k. Thus σ is not counted byEm+1[x
dqmaxwt(m+1,d)−k].
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Since the number of permutations with weight disparity k and d descents in Sm+1 is the same as those
in Sm, we have
Em[x
dqmaxwt(m,d)−k] = Em+1[x
dqmaxwt(m+1,d)−k].
By a similar argument, we have
Em+1[x
dqmaxwt(m+1,d)−k] = Em+2[x
dqmaxwt(m+2,d)−k].
Thus for all positive integers n > m, we have En[x
dqmaxwt(n,d)−k] = Em[x
dqmaxwt(m,d)−k]. 
Theorem 3.6 shows that the formal power seriesWd(t) defined in [2] exists and is given byWd(t
k) =
Ed+k+1[x
dq(d−1)k]. We can now extract Wd(t) from the stabilized coefficients of En(x, q).
Definition 3.7. If En[x
d] stabilizes to qN +a1q
N−1+a2q
N−2+a3q
N−3+ . . ., where N = d(n−d−1),
then the formal power series Wd(t) is defined in [2] as
Wd(t) = 1 + a1t+ a2t
2 + a3t
3 + ....
Example 3.8. By Theorem 3.6 and our data for the q-Eulerian polynomials, we have
W1(t) = 1 + 3t+ 7t
2 + 15t3 + 31t4 + 63t5 + ...
W2(t) = 1 + 4t+ 11t
2 + 31t3 + 65t4 + 157t5 + ...
W3(t) = 1 + 5t+ 16t
2 + 41t3 + 112t4 + 244t5 + ...
W4(t) = 1 + 6t+ 22t
2 + 63t3 + 155t4 + 393t5 + ...
W5(t) = 1 + 7t+ 29t
2 + 92t3 + 247t4 + 590t5 + ...
4. A Recurrence Relation for En(x, q)
The classical Eulerian polynomials An(x) in Definition 2.5 enumerate permutations according to
their number of descents. The Eulerian polynomials An(x) satisfy the following recurrence for n ≥ 1:
A0(x) = 1,
An(x) =
n−1∑
i=1
(
n− 1
i
)
Ai(x) ·An−i−1(x) · x.
We now derive a recurrence relation for the q-Eulerian polynomials En(x, q), similar to the recur-
rence for An(x).
Theorem 4.1. The q-Eulerian polynomials En(x, q) satisfy the recurrence relation
E0(qx, q) = 1,
En(x, q) =
n−1∑
i=1
(
n− 1
i
)
Ei(x, q) ·En−i−1(qx, q) · x+ En−1(qx, q).
We introduce the following definitions and lemmas used in the proof of Theorem 4.1.
Definition 4.2. We define S′n to be the set of all permutations in Sn ending in 1. That is, S
′
n = {σ ∈
Sn | σ = π · 1, where π ∈ Sn−1}.
Lemma 4.3. There exists a bijection f : Sn ↔ S
′
n+1 such that, for all σ ∈ Sn, w(f(σ)) = w(σ) and
des(f(σ)) = des(σ) + 1.
Proof. We first show that there exists a function f : Sn → S
′
n+1 that preserves weight and increases
number of descents by 1. Let π ∈ Sn such that π = πL · 1 ·πR, where the subpermutations πL and πR
can be empty. Consider the function f : Sn → S
′
n+1 defined by
f(π) = f(πL · 1 · πR) = πR · n+ 1 · πL · 1.
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That is, f replaces 1 with the maximum element n+1, exchanges πL and πR, and appends a minimum
element 1 at the end. Notice that for any π ∈ Sn, we have f(π) ∈ S
′
n+1 and des(f(π)) = des(π) + 1.
The weight of f(π) is given by
w(f(π)) = w(πL · 1) + w(πR) + des(πR),
so w(f(π)) = w(π). So f preserves weight and increases number of descents by 1.
We now show that there exists a function g : S′n+1 → Sn that is an inverse of f and preserves
weight and decreases number of descents by 1. Let α ∈ S′n+1 be such that α = αL · n + 1 · αR · 1,
where the subpermutations αL and αR can be empty. Let g : S
′
n+1 → Sn be the function defined by
g(α) = g(αL · n+ 1 · αR · 1) = αR · 1 · αL.
That is, g removes 1 from the end of the permutation, replaces (n+1) with 1, and exchanges αL and
αR. Notice that for any α ∈ S
′
n+1, g(α) ∈ Sn, and des(g(α)) = des(α) − 1. The weight of g(α) is
given by
w(g(α)) = w(αR · 1) + w(αL) + des(αL).
Since w(α) = w(αL ·n+1)+des(αL ·n+1)+w(αR ·1), we have w(α) = w(αL)+des(αL)+w(αR ·1) =
w(g(α)). So g preserves weight and decreases number of descents by 1.
Finally, we show that f is a bijection from Sn to S
′
n+1. We have the following:
g(f(π)) = g(πR · n+ 1 · πL · 1) = πL · 1 · πR = π,
f(g(α)) = f(αR · 1 · αL) = α
′
L · n+ 1 · α
′
R · 1 = α.
Thus since Sn and S
′
n+1 are equinumerous, g = f
−1 and f is a bijection from Sn to S
′
n+1. 
Definition 4.4. We write E∗n(x, q) to denote the q-Eulerian polynomial∑
σ∈S′
n
xdes(σ)qw(σ).
Lemma 4.5. We have
Ek[x
d] = E∗k+1[x
d+1].
Proof. From Definition 2.6 and Definition 4.4, it follows that
Ek[x
d] =
∑
σ∈Sk
xdes(σ)q
w(σ)
(2)
E∗k+1[x
d+1] =
∑
α∈Sk+1
xdes(σ)qw(α). (3)
The coefficient of xdqw(σ) in (2) counts permutations in Sk with d descents and weight w(σ). The
coefficient of xd+1qw(σ) in (3) counts permutations in Sk+1 ending in 1 with d+1 descents and weight
w(σ). By Lemma 4.3, there exists a bijection between these two sets of permutations that preserves
weight and, respectively decreases, number of descents by 1. Hence, the sizes of these two sets are
equal, and we have Ek[x
d] = E∗k+1[x
d+1]. 
Lemma 4.6. The q-Eulerian polynomials En(x, q) satisfy the recurrence relation
En[x
d] =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
En−i−1[x
d−k] · Ei[x
k−1] · qd−k
)
+ En−1[x
d]qd.
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Proof. Let σ ∈ Sn be a permutation with d descents. We have two cases:
Case 1: Suppose σ = 1 · π1 for any π1 ∈ Sn−1. We have w(σ) = w(π1) + d. So the number
of permutations σ ∈ Sn with d descents and weight w(σ) is equal to the number of permutations
π1 ∈ Sn−1 with d descents and weight w(π1) + d. This is counted by En−1[x
d]qd.
Case 2: Suppose σ = πL · 1 · πR, where 1 is in position i + 1 of σ and 1 ≤ i ≤ n − 1. It
is clear that πL ∈ Si and πR ∈ Sn−i−1. There are
(
n−1
i
)
ways to select the i elements in the
subpermutation πL. Let k = des(πL · 1), where 1 ≤ k ≤ i. Then we have des(πR) = d − k and
w(σ) = w(πL · 1) + w(πR) + des(πR). The permutations πL · 1 are counted by E
∗
i+1[x
k], and the
permutations πR are counted byEn−1−i[x
d−k]. We know that En[x
dqw]·Em[x
eqv] counts permutations
of length n+m with d+ e descents and weight w+ v. Thus permutations of length n with d descents
and weight w(πL · 1) + w(πR) are counted by
E∗i+1[x
k] ·En−1−i[x
d−k].
We need to add des(πR) = d − k to the weight of these permutations to count permutations with
length n, d descents, and weight w(σ). Multiplying by qd−k, we have
qd−k · E∗i+1[x
k] · En−1−i[x
d−k].
Thus the permutations σ are counted by
n−1∑
i=1
(
n− 1
i
) i∑
k=1
E∗i+1[x
k] ·En−1−i[x
d−k]qd−k,
which by Lemma 4.5 is equal to
n−1∑
i=1
(
n− 1
i
) i∑
k=1
Ei[x
k−1] · En−1−i[x
d−k]qd−k.
Combining Case 1 and Case 2, we have
En[x
d] =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
Ei[x
k−1] · En−1−i[x
d−k]qd−k
)
+ En−1[x
d]qd.

Proof of Theorem 4.1. From Lemma 4.6, it follows that
En(x, q) =
n−1∑
d=0
xd
( n−1∑
i=1
(
n− 1
i
)( i∑
k=1
En−i−1[x
d−k] ·Ei[x
k−1] · qd−k
)
+ En−1[x
d]qd
)
.
If we distribute the first summation and let ℓ = d− k, we get
En(x, q) =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( n−1−i∑
ℓ=0
En−i−1[x
ℓ] · qℓ · Ei[x
k−1] · xℓ+k
))
+
n−1∑
j=0
En−1[x
j ]qjxj .
We can rearrange terms to get
En(x, q) =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
Ei[x
k−1]xk−1
)( n−i−1∑
ℓ=0
En−i−1[x
ℓ] · qℓxℓ
)
· x+
n−1∑
j=0
En−1[x
j ]qjxj .
Substituting the corresponding q-Eulerian polynomials, we have
En(x, q) =
n−1∑
i=1
(
n− 1
i
)
Ei(x, q) ·En−i−1(qx, q) · x+ En−1(qx, q).

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Remark 4.7. We compare our recurrence relation for En(x, q) with other recurrences in the literature.
Note that if we set q = 1, Theorem 4.1 becomes the recurrence for the classical Eulerian polynomials
An(x). Since there are type B and D Eulerian polynomials that satisfy recurrence relations analogous
to the recurrence for the polynomials An(x) [7], there may also be other q-analogs like the one we
study.
Finally, we note that the recurrence relation in Theorem 4.1 resembles the recurrence derived by
Postnikov for the polynomials fn(x), given by
fn(x) = x
( n−1∑
ℓ=1
(
n− 1
ℓ
)
· f ′ℓ(x)fn−ℓ−1(x) + fn−1(x)
)
,
where fn(x) =
∑
k fnkx
k and fnk denotes the number of all maxmin trees on the set [n + 1] with
k maxima [8]. Given that weight 0 maxmin trees are in bijection with permutations [2], it would be
interesting to explore this connection between all maxmin trees and permutations further.
Using Lemma 4.6 and Theorem 4.1, we give a recursive formula for the coefficients of En(x, q).
Corollary 4.8. The coefficients of the q-Eulerian polynomials En(x, q) satisfy the recurrence relation
En[x
dqm] =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( m∑
j=0
En−i−1[x
d−kqm−j ] · Ei[x
k−1qk+j−d]
))
+ En−1[x
dqm−d].
Proof. Since by Lemma 4.6, we have
En[x
d] =
n−1∑
i=1
(
n− 1
i
) i∑
k=1
Ei[x
k−1] · En−1−i[x
d−k]qd−k + En−1[x
d]qd,
we can piece together m in En[x
dqm] by introducing a third summation and iterating through all
possibilities. 
5. Alternate Proof of the Stabilization Phenomenon
Using our recursive formula for the coefficients of En(x, q) in Corollary 4.8, we determine a lower
bound for the exponent of q such that the coefficients En[x
dqw] are stabilized in Theorem 5.1. We
then use this result to give a second proof of Theorem 3.6.
Theorem 5.1. If m ≥ (d− 1)(n− d− 1) + 1 for d 6= 0 and d 6= n− 1, then
En[x
dqm] = En−1[x
dqm−d].
Proof. By Corollary 4.8, we have
En[x
dqm] =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( m∑
j=0
En−i−1[x
d−kqm−j ] · Ei[x
k−1qk+j−d]
))
+ En−1[x
dqm−d]. (4)
For fixed i and k, we attempt to find bounds for j such that En−i−1[x
d−kqm−j] ·Ei[x
k−1qk+j−d] 6= 0.
We consider the cases when m is greater than, equal to, or less than (d− 1)(n− d− 1). We show that
in case (i), we must have En−i−1[x
d−kqm−j ] · Ei[x
k−1qk+j−d] = 0 and so En[x
dqm] = En−1[x
dqm−d].
(i) Suppose m = (d − 1)(n − d − 1) + p for some positive integer p. We show that En[x
dqm] =
En−1[x
dqm−d]. Note that m− d ≥ 0 since 0 < d < n− 1. By Corollary 4.8, we have
En[x
dq(d−1)(n−d−1)+p] =
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( (d−1)(n−d−1)+p∑
j=0
En−i−1[x
d−kq(d−1)(n−d−1)+p−j]
·Ei[x
k−1qk+j−d]
))
+ En−1[x
dq(d−1)(n−d−1)+p−d].
(5)
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The weight of a permutation of length n with d descents is bounded by maxwt(n, d) = d(n−
d− 1). So from the coefficients En−i−1[x
d−kq(d−1)(n−d−1)+p−j] and Ei[x
k−1qk+j−d], we have
the following inequalities:
(d− 1)(n− d− 1) + 1− j + p ≤ (d− k)(n− 1− i − d+ k − 1). (6)
k + j − d ≤ (k − 1)(i− k). (7)
Analyzing the terms and summation bounds in (5) gives 1 ≤ k ≤ d, k ≤ i and n − 1 − i ≥
d − k − 1. A straightforward computation shows that these summation bounds and (6)
and (7) contradict each other. Thus there does not exist j such that En−i−1[x
d−kqm−j] ·
Ei[x
k−1qk+j−d] 6= 0. We have
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( (d−1)(n−d−1)+p∑
j=0
En−i−1[x
d−kq(d−1)(n−d−1)+p−j] ·Ei[x
k−1qk+j−d]
))
= 0.
So En[x
dqm] = En−1[x
dqm−d].
(ii) Supposem = (d−1)(n−d−1). We show that En[x
dqm] 6= En−1[x
dqm−d]. Note thatm−d ≥ 0
since 0 < d < n−1. Using the same reasoning as in case (i), we have the following inequalities:
(d− 1)(n− d− 1)− j ≤ (d− k)(n− 1− i− d+ k − 1) (8)
k + j − d ≤ (k − 1)(i − k) (9)
A straightforward computation shows that there exists nonnegative integers j that satisfy
both (8) and (9). Thus we have
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( (d−1)(n−d−1)∑
j=0
En−i−1[x
d−kq(d−1)(n−d−1)−j · Ei[x
k−1qk+j−d]
))
6= 0.
So En[x
dqm] 6= En−1[x
dqm−d].
(iii) Suppose m = (d − 1)(n− d − 1)− q for some q ∈ Z>0. Using the same reasoning as in cases
(i) and (ii), we have the following inequalities:
(d− 1)(n− d− 1)− j − q ≤ (d− k)(n− 1− i− d+ k − 1) (10)
k + j − d ≤ (k − 1)(i − k) (11)
A straightforward computation shows that there exists nonnegative integers j that satisfy
both (10) and (11). Thus we have
n−1∑
i=1
(
n− 1
i
)( i∑
k=1
( (d−1)(n−d−1)+1∑
j=0
En−i−1[x
d−kq(d−1)(n−d−1)+1−j · Ei[x
k−1qk+j−d]
))
6= 0.
So En[x
dqm] 6= En−1[x
dqm−d].

Using Theorem 5.1, we give an alternate proof of Theorem 3.6.
Proof of Theorem 3.6. By Theorem 5.1, we haveEn[x
dqm] = En−1[x
dqm−d] ifm ≥ (d−1)(n−d−1)+1,
where d 6= 0 and d 6= n− 1. Furthermore, En[x
dqm] is stabilized when m ≥ (d− 1)(n− d− 1)+ 1 and
is not stabilized when m < (d − 1)(n− d− 1) + 1. It is easy to show that En[x
0q0] is stabilized and
En[x
n−1q0] is not. 
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6. Connection Between Wd(t) and Integer Partitions
Theorem 4.1 gives a recursive formula for the q-Eulerian polynomials En(x, q), and Theorem 5.1
states the condition for which the coefficients En[x
dqw] are stabilized. We conclude with a conjecture
regarding the coefficients of Wd(t), which are the stabilized coefficients of En(x, q).
It was observed in [2] that the coefficients ofWd(t) correspond to numbers in the sequence A256193
by Alois P. Heinz in the Online Encyclopedia of Integer Sequences [11]. The numbers T (n, k) count
partitions of n with exactly k parts of a second type, denoted by a prime ′. For example, we have
T (3, 0) = 3, corresponding to 111, 21, 3,
T (3, 1) = 6, corresponding to 1′11, 11′1, 111′, 2′1, 21′, 3′,
T (3, 2) = 4, corresponding to 1′1′1, 1′11′, 11′1′, 2′1′,
T (3, 3) = 1, corresponding to 1′1′1′.
Table 1 is a short table of T (n, k) with k constant along the columns. Numbers in bold correspond
to coefficients of the power series Wd(t).
1
1 1
2 3 1
3 6 4 1
5 12 11 5 1
7 20 24 16 6 1
11 35 49 41 22 7 1
15 54 89 91 63 29 8 1
22 86 158 186 155 92 37 9 1
30 128 262 351 342 247 129 46 10 1
Table 1. The numbers T (n, k)
We can therefore state the following theorem and conjecture:
Theorem 6.1. For fixed k ∈ N and d ≥ 2k, we have
T (d+ k, d) =
k∑
i=1
(
(−1)i+1 ·
(
k
i
)
· T (d+ k − i, d− i)
)
+ 1
.
Conjecture 6.2. For fixed k ∈ N and d ≥ 2k, we have
Wd[t
k] =
k∑
i=1
(
(−1)i+1 ·
(
k
i
)
·Wd−i[t
k]
)
+ 1.
We proceed to prove the relation for T (d+k, d) in Theorem 6.1. We first prove the following lemma:
Lemma 6.3. Let n, k, b ∈ N such that b ≤ 2k − n. The numbers T (n, k) satisfy the relation
T (n, k) =
b∑
j=0
(
b
j
)
· T (n− b, k − j).
Proof. Let n, k, b ∈ N such that b ≤ 2k − n and let 0 ≤ j ≤ b. Consider the partitions represented by
T (n− b, k − j). Appending a partition of b 1s with j of them 1′ results in partitions represented by
T (n, k). There are
∑b
j=0
(
b
j
)
· T (n− b, k − j) such partitions.
We show that this summation counts all partitions T (n, k). By our assumption and the definition
of T (n, k), each partition represented by T (n, k) ends in at least one 1 or 1′. The partition with the
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fewest 1s (1 or 1′) is the partition 2′2′ . . . 2′︸ ︷︷ ︸
n−k
1′1′ . . . 1′︸ ︷︷ ︸
2k−n
. So every partition represented by T (n, k) ends
in at least 2k − n 1s and is counted by the summation. Thus for b ≤ 2k − n, we have T (n, k) =∑b
j=0
(
b
j
)
· T (n− b, k − j). 
Proof of Theorem 6.1. Let k ∈ N be fixed and d ≥ 2k. By Lemma 6.3, we get
T (d+ k, d) =
k∑
j=0
(
k
j
)
· T (d, d− j)
=
k∑
j=1
(
k
j
)
· T (d, d− j) + 1.
Note that
(
k
j
)
=
∑j
i=1
(
k
j
)(
j
i
)
(−1)i+1. We have
T (d+ k, d) =
k∑
j=1
T (d, d− j)
( j∑
i=1
(
k
j
)(
j
i
)
(−1)i+1
)
+ 1.
By the identity
(
r
s
)(
s
t
)
=
(
r
t
)(
r−t
s−t
)
, we get
T (d+ k, d) =
k∑
j=1
T (d, d− j)
( j∑
i=1
(
k
i
)(
k − i
j − i
)
(−1)i+1
)
+ 1.
If we change the order of summations and let a = j − i, we obtain
T (d+ k, d) =
k∑
i=1
(
k
i
)
(−1)i+1
( k−i∑
a=0
(
k − i
a
)
· T (d, d− a− i)
)
+ 1.
Since k − i ≤ 2(d− i)− (d+ k − i), by Lemma 6.3 we have
T (d+ k, d) =
k∑
i=1
(
(−1)i+1
(
k
i
)
· T (d+ k − i, d− i)
)
+ 1.

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Appendix A.
q-Eulerian polynomials En(x, q) for n ≤ 10
E8(x, q) = 1 + x(q
6 + 3q5 + 7q4 + 15q3 + 31q2 + 63q + 127) + x2(q10 + 4q9 + 11q8 + 31q7 + 65q6 +
157q5+289q4+588q3+855q2+1326q+966)+x3(q12+5q11+16q10+41q9+112q8+235q7+496q6+
969q5 + 1654q4 + 2760q3 + 3723q2 + 3906q+ 1701) + x4(q12 + 6q11 + 22q10 + 63q9 + 146q8 + 338q7 +
664q6 + 1231q5 + 2030q4 + 3110q3 + 3906q2 + 3052q + 1050) + x5(q10 + 7q9 + 29q8 + 83q7 + 183q6 +
321q5 + 575q4 + 952q3 + 1106q2 + 770q + 226) + x6(q6 + 8q5 + 28q4 + 56q3 + 70q2 + 56q + 28) + x7
E9(x, q) = 1 + x(q
7 + 3q6 + 7q5 + 15q4 + 31q3 + 63q2 + 127q+ 255) + x2(q12 + 4q11 + 11q10 + 31q9 +
65q8 + 157q7 + 298q6 + 651q5 + 1110q4 + 2091q3 + 2877q2 + 4827q+ 3025) + x3(q15 + 5q14 + 16q13 +
41q12+112q11+244q10+532q9+1104q8+2077q7+3825q6+6762q5+10545q4+16179q3+19677q2+
19344q+7770)+x4(q16+6q15+22q14+63q13+155q12+383q11+808q10+1636q9+3182q8+5741q7+
9744q6 + 15745q5+ 23424q4 + 31056q3 + 33711q2 + 23562q+ 6951)+ x5(q15 + 7q14 + 29q13 + 92q12 +
237q11 + 519q10 + 1106q9 + 2122q8 + 3872q7 + 6440q6 + 10127q5 + 14484q4 + 18706q3 + 17724q2 +
10122q+2646)+ x6(q12 +8q11+37q10+119q9+295q8+587q7+967q6+1575q5+2577q4+3360q3+
2982q2 + 1638q+ 462) + x7(q7 + 9q6 + 36q5 + 84q4 + 126q3 + 126q2 + 84q + 36) + x8
E10(x, q) = 1+ x(q
8 +3q6 +7q6 +15q5+31q4+63q3+127q2+255q+511)+ x2(q14 +4q13 +11q12+
31q11+65q10+157q9+298q8+661q7+1185q6+2416q5+3912q4+6994q3+9286q2+13489q+9338)+
x3(q18 + 5q17 + 16q16 + 41q15 + 112q14 + 244q13 + 542q12 + 1144q11 + 2232q10 + 4315q9 + 8827q8 +
13998q7+24825q6+39693q5+58044q4+83805q3+95256q2+89595q+34105)+x4(q20+6q19+22q18+
63q17 + 155q16 + 393q15 + 858q14 + 1796q13 + 3637q12 + 7086q11 + 12859q10 + 22970q9 + 39939q8 +
64528q7+101580q6+150402q5+206718q4+249396q3+245880q2+159540q+42525)+x5(q20+7q19+
20q18 + 92q17 + 247q16 + 579q15 + 1326q14 + 2752q13 + 5422q12 + 10315q11 + 18597q10 + 32074q9 +
52962q8 + 82817q7 + 124572q6 + 175510q5 + 222990q4 + 247500q3 + 205995q2 + 103740q + 22827) +
x6(q18+8q17+37q16+129q15+365q14+877q13+1842q12+3675q11+6822q10+12140q9+20107q8+
31745q7+46985q6+64622q5+82365q4+86452q3+63126q2+28014q+5880)x7(q14 +9q13 +46q12+
164q11+ 461q10+1001q9+1849q8+2891q7+4366q6+ 6855q5+ 9507q4+ 9828q3+6972q2+3150q+
750) + x8(q8 + 10q7 + 45q6 + 120q5 + 210q4 + 252q3 + 210q2 + 120q + 45) + x9
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